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base change , local Langlands
.
$E/F(=\mathrm{Q})$ . $B$ $E$ 4 , - split
,
$B\otimes_{E}R\simeq H\cross M2(R)$
. $H$ 4 . $\mathit{0}$
, 1 $O^{1}$ $\mathcal{H}$ ,
, $E$ 1 $E$ $A$
$A\cross {}_{E}C\underline{\sim}(\mathcal{H}/O^{1})^{*}$
. $A$ , $A$ $E$
$\zeta_{A}(s)$ , $B^{\cross}$ $f_{E}$
$\zeta_{A}(s)=L(s, f_{E})$
. $A$ $F$ $A’$ . , $A’\cross_{F}E\simeq A$ .
, $B$ $D(B)$ $\mathrm{G}\mathrm{a}1(E/F)$
[D-N1] . $F$ 4 $B’$ $O’$ uniformization
$7t/O^{1}’arrow A’$ (
). B/. $f$ ,
$L(s, f_{E})=L(S, f)L(s, f, \chi)$






$( \frac{E/F}{p})=-1\Rightarrow a(p)=a^{2}p-2p$ , $(p)=p$
1002 1997 1-18 1
. , , $E=Q(.\sqrt{2}),$ $D(B)=p_{2}P7P_{7}’,$ $D(B’)=2\cdot 7$
, 12 . , base change
.
. $A$ , $F$ .
, $\mathrm{G}\mathrm{a}1(\overline{F}/F)$ $\rho(=\{\rho\iota\},$ $\rho\iota:\mathrm{G}\mathrm{a}1(\overline{F}/p)arrow GL_{2}$ (Q1\‘I) ,
$\zeta_{A}(s)=L(s, \rho)$ . $\text{ },$ $.GL_{2}.(F)$ $f$ ,
$GL_{2}(A_{F})$ $\pi$
$\zeta_{A}(s)=L(s, \rho)=L(S, f)(=L(s, \pi))$
. $E$ $F$ , $E$ $A_{E}=A\cross FE$
, $A_{E}$ $\rho_{E}$ , $\rho$ $\mathrm{G}\mathrm{a}1(\overline{E}/E)$
. $A_{E}$ , $GL_{2}$ (E)- $f_{E}$ , $GL_{2}(A_{E})-$
\mbox{\boldmath $\pi$}E ,
$L(S, f_{E})=L(s, f)L(s, f, \chi)$ , $L(s, \pi_{E})=L(S, \pi)L(s, \pi\cross\chi)$
, $f$ $\pi$ base change . [D-N1] ,
$f_{E}$ , base change .
local Langlands ,
. $F$ . $A(n, F)$ , $GL_{n},(F)$
. $\mathcal{G}(n, F)$ , Weil-Deligne $W_{F}’$ ( , $W_{F}\cross SL_{2}(C)$ )
. ([Kul] )
Conjecture(Langlands) $n$ , $\mathcal{G}(n, F)$ $A(n, F)$ $\pi_{F}$
– .
(1) $F^{\cross}$ $\chi$ $\pi_{F}(\rho(x))=\pi F(\rho)(\chi)$ .
(2) $\det\rho$ $\pi_{F}(\rho)$ central character $\omega_{\pi_{F}\mathrm{t}^{\rho})}$ .
(3) $(\pi_{F}(\rho))^{\mathrm{v}}=\pi F((\rho)^{\vee})$ .
(4) $L(s, \rho_{1}\otimes\rho 2)=L(s, \pi F(\rho 1)\otimes\pi F(\rho 2))$ .
(5) $\epsilon(s, p_{1}\otimes\rho_{2},\psi)=\epsilon(s, \pi_{F(\rho 1})\cross\pi_{F}(\rho_{2}),$ $\psi)$ .
(6) $\pi_{F}$ conductor . . .
(7) $F$ , $\pi_{F}$ $\mathrm{G}\mathrm{a}1(F/F\mathrm{o})$ $\mathcal{G}(n, F),$ $A(n, F)$
compatible .
$L(s, \pi_{F}(\rho 1)\cross\pi_{F}(\rho_{2})),$ $\epsilon(s, \pi_{F}(\rho_{1})\cross\pi p(\rho_{2}),$ $\psi)$ Rankin-Selberg convolution
$\mathrm{L}$ , $\epsilon$-factor ([J-P-S2] ). $n=1$
.
$E$ $F$ , { $E^{\sim}$. $F$] $=l,$ $G=\mathrm{G}\mathrm{a}1(\overline{F}/F),$ $H=\mathrm{G}\mathrm{a}1(\overline{E}/E)$ .









change . lifting . , base change
$\langle$ , base change $\pi_{F}$ (
[He], [Ha] . , base change
[B-H]. ).
$n=1$ , $N_{E/F}$ $E$ $F$ , .
$F^{\cross}$ $arrow$ $G/[G, G]$
$\uparrow N_{E/F}$ $\uparrow$
$E^{\cross}$ $arrow$ $H/[H, H]$
$G=\mathrm{G}\mathrm{a}1(\overline{F}/F),$ $H=\mathrm{G}\mathrm{a}1(\overline{E}/E)$ , ,
. $n=1$ , $BC_{E/F}$ , $F^{\cross}$ $\chi$
$E^{\cross}$
$x^{\mathrm{o}N_{E}}/F$
$\rho\in \mathcal{G}(n, F)$ unramified , $Fr$
, $F^{\cross}$ unrami ed $x1,$ $x2,$ $\cdots,$ $xn$
$\rho(Fr)(=t_{\chi})=diag(\chi_{1}(\varpi), x_{2}(\varpi),$
$\cdots,$ $xn(\varpi))$
. $Q(\chi)$ $\chi$ $GL_{n}(F)$ unramified principal series
, $\rho$ $Q(\chi)$ . $t_{\chi}$ Satake parameter .
$E/F$ unramified , $Q(\chi)$ base change $Q(\chi \mathrm{o}N_{E/F})$ ,
Satake parameter , $t_{\chi}rightarrow t_{x\circ N_{E/F}}=t_{\chi}^{l}$ .
, , $C/R$ ,
(cf. [J-S2]).





. , $\mathcal{A}(n, F_{v})$ $A(n, E_{v})$ base change
$\pi_{v}rightarrow$ v $=\otimes w|vBCEw/F_{v}(\pi_{v})$
, global base change \mbox{\boldmath $\pi$}=\otimes \mbox{\boldmath $\pi$}v– II=\otimes
, $\pi$ $\Pi$ .
.
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.- Remark 1. $G$ , $H$ , $\rho,$ $\lambda$
$-$ :. $\cdot$ : :
:. $\cdot$ $\mathrm{I}\mathrm{n}\mathrm{d}_{H}^{G}(\mathrm{R}\mathrm{e}\mathrm{s}G(H\rho)\otimes.\lambda)=\rho\otimes \mathrm{I}\mathrm{n}\mathrm{d}^{G}H(\lambda)$
$L_{E}(s, {\rm Res}^{G}H(\rho)\otimes\lambda)=L_{F}(s, \mathrm{I}\mathrm{n}\mathrm{d}_{H}^{c}({\rm Res}_{H}c_{(}\rho)\otimes\lambda))$
(1.1)
$=L_{F}(_{\mathit{8}}, \rho\otimes \mathrm{I}\mathrm{n}\mathrm{d}^{c}H(\lambda))$
. , $G$ $H$ $G/H$
$\mathrm{I}\mathrm{n}\mathrm{d}_{H}^{c_{(1_{H})}}=\oplus\chi x\in\overline{G/H}$
$\lambda=1_{H}$
$L(s, f_{E})= \prod_{\chi}L(S, f, x)$
.




$\downarrow Ind$ $\downarrow Ind_{E}/F$
$\mathcal{G}(n\iota, F)$
$arrow\pi_{F}$ $A(n\iota, F)$
$A(n, E)$ $A(n\iota, F)$ $Ind_{E/F}\text{ }\mathrm{g}$ .
$\#\mathrm{h}l=2,$ $n=2$ , Hecke
. [J-L] $l=2,$ $n=2$ – .
$E,$ $F$ $E/F$ cyclic, $n\geq 2$ [Ka], [H-H] . base change
([L] \S 11, $[\mathrm{A}- \mathrm{C}|$ Ch.3,\S 6).
\S 2.
[D-N1] , 3 .
.
Converse Theorem
, [D-N2] , $n=2,$ $l=2$ Weil-Jacquet $-$ Langlands $GL_{2}$
, Converse Theorem base change
. .
$f(z)=n=1 \sum\infty a_{n}q^{n}\in S\kappa(sL2(\mathrm{z}))$
4
primitive form , $\chi$ $E/F$
$L(s, .f)L(_{S,f}, \chi)=\sum_{\mathrm{n}}a(n).N(n)-s$
. $E$ 1 , $\delta$ $E$ ,






, $SL_{2}(o_{E})$ . , $E$
$\xi$ $L(s,$ $f_{E^{\cross\xi)}}$ . $g_{\xi}$ $\xi$
$GL_{2}(F(=Q))$ , (1.1)
$L(s, f_{E}\cross\xi)=L(S, f\cross g\xi)$
, $f$ $\mathit{9}\xi$ Rankin-Selberg convolution . $n=2,$ $l=2$
[J] – .
Jacquet -Piatetski-Shapiro-Shalika ($\mathrm{n}=3,$ [J-P-SI]), Cogdell-Piateteski-
$\mathrm{S}\mathrm{h}\mathrm{a}\mathrm{p}\mathrm{i}\mathrm{r}\mathrm{o}[\mathrm{c}- \mathrm{P}]$ Converse Theorem – .
\S 1 $\pi$ , $r\leq n-1(r\leq n-2)$
$GL_{r}(A_{E})$ $\tau$ , $L_{E}(s, \square \cross\tau)$
, (1.1)
$L_{E}(s, \square \mathrm{x}\mathcal{T})=L_{F}(s, \pi\cross \mathrm{I}\mathrm{n}\mathrm{d}_{E}F\mathcal{T}/)$
, $L(s, \pi\cross \mathrm{I}\mathrm{n}\mathrm{d}_{E}F\mathcal{T}/)$ . $r=1,$ $l\leq 3$ , $\mathrm{I}\mathrm{n}\mathrm{d}_{E/F}\mathcal{T}$
( $l=2$ Hecke, [J-L], $l=3$ [J-P-S2]
$GL_{3}$ ), $[E : F]\leq 3$ base change ([J-P-S2],
[J-P-S3] $)$ . $E/F$ , , $\mathrm{T}\mathrm{u}\mathrm{n}\mathrm{n}\mathrm{e}\mathrm{l}\mathrm{l}[\mathrm{T}]$
octahedral type Artin .
, Hirzebruch . Serre Hirzebruch
(Dec. 8, ’71) Hirzebruch Hilbert modular surface arithmetic
genus $([\mathrm{H}\mathrm{i}\mathrm{r}])$ . $q$ $q\equiv 1$ mod 4
, $E=Q(\sqrt{q})$ . $\chi_{q}$ $H\cross \mathcal{H}/SL_{2}(O_{E})$
$\mathrm{Y}$ arithmetic genus , $\hat{\chi}_{q}$ $\mathrm{Y}/\tau$ arithmetic genus




. $\chi_{q}-1$ $S_{2}(SL_{2}(oE))$ – .
, [N] , $S_{2}(SL_{2}(oE))$ $S_{2}(\Gamma_{0}(q), (q))$ , base
change
. $S_{k}(\tau_{0}(q), (^{\underline{q}}))\ni farrow f_{E}\in s_{k}(sL2(o_{E}))$
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$L(s, f_{E})=L(S, f)L(_{S,\overline{f})},$ $f= \sum_{n=1}^{\infty}a_{n}q^{n},\overline{f}=\sum_{n=1}^{\infty}\overline{a}_{n}q^{n}$
. $S_{2}(\mathrm{r}_{0}(q), (\mathrm{z}))\text{ }$ primitive form
, $E$ everywhere good $-\text{ }\geq\prime \mathrm{s}_{J\text{ }}$ .
Theta correspondence
Zagier [Z1] .
$E=\mathrm{Q}(\sqrt{D}),$ $D\equiv 1$ mod 4 , $?t\cross \mathcal{H}$
$\omega_{m}(z_{1}, Z_{2})=N_{E/F^{(\lambda)ab}}a,b\in \mathrm{z},\lambda\in\sum_{1 ,-\delta}(aZ_{1^{\mathcal{Z}}2}+\lambda_{Z}1+\lambda’Z_{2}+=m/D-b)-k$
. $S_{k}(SL2(oE))$ . $\omega_{m}(z_{1}, z_{2})$ , $a=0$
$\omega_{m}^{0}(Z_{1}, z_{2})$
$\Omega(z_{1}, z_{2}; \tau)=\sum_{m=1}m-1\omega\infty km(z1, Z2)e2\pi im\mathcal{T}$
$= \sum_{m=1}^{\infty}m^{k-}\omega_{m}^{0}(z_{1}1,)z2c_{n}(\tau)$
. $G_{n}(\tau),$ $\tau\in \mathcal{H}$ $S_{k}(\Gamma 0(D), , (\underline{D}))$
. $\omega_{m}(z_{1}, z_{2}),$ $G_{m}(\tau)$
. $\Omega(z_{1}, Z2;\tau)$ $(z_{1}, z_{2})$ $S_{k}(SL2(oE))$
, $\tau$ , $S_{k}(\Gamma 0(D), (\underline{D}))$ , Zagier
$f \mapsto\int_{\mathcal{H}/r_{o}}(D)(\Omega z_{1}, Z2;\mathcal{T})f(\tau)d_{\mathcal{T}}$
base change . $\mathrm{K}\mathrm{u}\mathrm{d}\mathrm{l}\mathrm{a}[\mathrm{K}\mathrm{u}2]$ , [01], $\mathrm{R}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{i}_{\mathrm{S}}[\mathrm{R}]$
, (V, $Q$ ) $\overline{\tau}-$
.
$V=\{|a, b\in F, \lambda\in E\}=\{x\in M_{2}(F)|t_{\overline{X}}=x\}$, $Q(x)=\det x$ .
$E(=\mathrm{Q}(\sqrt{q}))$ definite 4 , $\mathrm{E}\mathrm{i}_{\mathrm{C}}\mathrm{h}\iota_{\mathrm{e}}\mathrm{r}$( $[\mathrm{E}1]$ , [E2]), Wald-
$\mathrm{s}\mathrm{p}\mathrm{u}\mathrm{r}\mathrm{g}\mathrm{e}\mathrm{r}[\mathrm{w}],$ $\mathrm{p}_{\mathrm{o}\mathrm{n}\mathrm{o}}\mathrm{m}\mathrm{a}\mathrm{r}\mathrm{e}\mathrm{V}[\mathrm{p}]$ .
$O(2,2)\approx SL_{2}(R)\cross SL_{2}(R)$
, $n=2,$ $l=2$ ( [As2]
, $O(1,3)\approx SL_{2}(\mathrm{c})$ base change ). , Theta
correspondence ([PSN4] ).
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Zagier Hilbert modular surface
$T_{m}= \{(z_{1}, z_{2})|az_{1}a_{2}+\frac{\lambda}{\sqrt{D}}z2+(\frac{\lambda}{\sqrt{D}})’z1+b=0$,
$N( \frac{\lambda}{\sqrt{D}})-ab=-\frac{m}{D}\}/sL2(O_{E})$
dual ([H-z]). $[\mathrm{O}2]$ , Harder
$-$ Langlands $-$ Rapoport[H-L-R] Tate .
$GL_{2}(A_{E})$ central character trivial base change $GL_{2}(A_{F})$
central character trivial , $E/F$




– twisted trace formula . Hirzebruch
.




$\cdots,$ $I_{\sigma}f_{d_{1}}=f_{d_{1}},$ $f_{d_{1}+1},$ $I_{\sigma}f_{d_{1}+1},$ $\cdots,$ $f_{d_{1}+d_{2}},$ $I_{\sigma}f_{d_{1}+d}2$
. $f1,$ $\cdots,$ $f_{d_{1}}$ $I_{\sigma}$ , $fd_{1}+1,$ $\cdots;fd_{1}+d_{2}$
.
$d_{1}= \frac{1}{2}\dim S_{2}(\tau_{0}(q), (^{\underline{q}}))$ , $d_{2}=\dim\{f\in S_{2}(SL_{2}(oE))|I_{\sigma}f=-f\}$
, [N]
$I_{\sigma}f=f\Leftrightarrow f$ abase change from $S_{2}(\tau_{0}(q), (^{\underline{q}}.))$
. 1/2 , $S_{2}(\Gamma_{0}(q), (\mathrm{A}))$ $f,\overline{f}$ base change
. base change Hecke
$T(n)$ , $T(n)I_{\sigma}$ , , $E$
twisted trace formula($T(n)I_{\sigma}$ ) , $F$ trace formula
, base change .
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( $[\mathrm{s}_{\mathrm{a}}1]$ , [Sa2]) $SL_{2}(o_{E})$
, $E/F,$ $F=Q$ tamely ramified , $F$ 1
, base change . [Has] , definite 4




, . base change
base change , $\mathrm{L}$ $\epsilon$ factor
converse theorem , trace formula
. base change
. - , twisted trace formula trace formula ,
twisted orbital intgral orbital integral , orbital integral tansfer
. ([S1] $GL_{n}$ base chnage ,
. , ([Kal], [Ka2]), [Gy] )
$GL(2)$ trace formula
. (geometric side twisted trace
formula trace formula . trace formula
, , spectral side
, $0$ .) ,
local global –
$GL(2)$ base change $\mathrm{L}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{l}\mathrm{a}\mathrm{n}\mathrm{d}\mathrm{s}[\mathrm{L}\mathrm{a}]$ . Langlands
Artin .
Flicker $GL(3)$ , Arthur $\mathrm{C}\mathrm{l}\mathrm{o}\mathrm{z}\mathrm{e}\mathrm{l}[\mathrm{A}-\mathrm{C}]$ trace formula
( [A-C] ) $GL(n)$ $E/F$
twisted trace formula base change ,
. $\mathrm{L}\mathrm{a}\mathrm{b}\mathrm{e}\mathrm{S}\mathrm{s}\mathrm{e}[\mathrm{L}\mathrm{a}\mathrm{b}]$ , [A-c] invariant trace formula ,
non-invariant trace formula . [A-C]
.
.
, . [La], [T] Artin
, $\mathrm{C}1_{\mathrm{o}\mathrm{z}}\mathrm{e}1([.\mathrm{c}2]\S 3;)$ , $([.\mathrm{Y}]. \S 6)$ ,. $([\mathrm{I}] \S 2)$ , $\mathrm{c}\mathrm{o}\mathrm{g}\mathrm{d}\mathrm{e}.11-\mathrm{P}\mathrm{i}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{t}\mathrm{s}\mathrm{k}\mathrm{i}-\mathrm{s}\mathrm{h}\mathrm{a}\mathrm{p}\mathrm{i}\mathrm{r}\mathrm{o}(\backslash [\mathrm{c}-\mathrm{p}2]$ ,
[C-P3], [C-P4] $)$ .
$\mathrm{C}\mathrm{l}\mathrm{o}\mathrm{z}\mathrm{e}\mathrm{l}[\mathrm{C}3]$ , – Wiles , $GL(2)$ –
, base change . .
\S 3. Arthur-Clozel ( )
8
$G=GL_{n}/F$ . [A-C] – , $E/F$
$0$ , $\mathrm{G}\mathrm{a}1(E/F)$ $\sigma$
.
$E=F\oplus\cdots\oplus F$, $\sigma(a_{1}, a2, \ldots, a\iota)=(a_{2}, \ldots, a_{l}, a1)$
trivial (split ) . $E,$ $F$
nonarchimedean base change archimedean
, $C/R$ , , $\mathrm{R}\mathrm{e}\mathrm{p}\mathrm{k}\mathrm{a}[\mathrm{R}]$ . [C4] .
. twisted trace formula .
a-conjugacy 8 norm map
$g,$ $g’\in G(E)$ $\sigma$-conjugate , $g^{=h^{-1}}g’h\sigma,$ $h\in G(E)$
. $g\approx g’$ . $G(E)$ $\mathrm{G}\mathrm{a}1(E/F)=<\sigma>$
$\tilde{G}(E)$
$(g, \sigma)=h-1(g’..’.\sigma)h=(h-1ghJ\sigma, \sigma)_{\vee}$
, conjugate . $g\in G(E)$
$N(g)=gg\sigma\ldots\sigma^{\iota-\mathrm{i}}g$
, $g$ . $\sigma$-conjugate conjugate
$N(h^{-1}g^{\sigma}h)=h^{-1}(Ng)h$
. $\sigma_{N(g)\sim N(}g$ ) , $N(g)$ $G(F)$
, – . ( $GL_{n}$ stable conjugacy conjugacy –
.)
$N:G(E)/\approxarrow G(F)/\sim$









. $G_{N(g)}$ $N(g)$ centralizer . , $N(g)\in$
$G(F)$ $G_{g,\sigma}$ , $G_{N(g)}$ inner form .
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base change map of Hecke ring $k$ fundamental Lemma
$E,$ $F$ nonarchimedean .
$\mathcal{H}_{F}=\mathcal{H}(G(F), c(o_{F})),$ $\mathcal{H}_{E}=\mathcal{H}(G(E), c(o_{E}))$
, $G(F),$ $G(E)$ $G(O),$ $G(O_{E})$ Hecke ring . $.E/F$ unrami ed
base change map
$b_{E/F}:\mathcal{H}_{E}arrow \mathcal{H}_{F}$
, unramified principal series $Q(\chi)$
$\mathrm{t}\mathrm{r}Q(\chi)(bE/F(\phi))=\mathrm{t}\mathrm{r}Q(x\mathrm{o}N_{E}/p)(\emptyset)$





, $\phi,$ $f$ $C[w_{i}, w_{i^{-1}}],$ $C[z_{i}, zi^{-1}]$ $\phi^{\vee},$ $f^{}$




$w_{i}rightarrow z_{i}^{l}$ , $1\leq i\leq l$
. \S 1 $a(p)$ $a_{p}$ . L-group
. $L$-group
$LG_{F}=GL_{n}(C)\cross \mathrm{G}\mathrm{a}1(E/F)$
$arrow L{\rm Res}_{E/F}G_{E}=(.GL_{n}(\mathrm{c})\cross\cdots\cross GL_{n}(C))\ltimes \mathrm{G}\mathrm{a}1(E/F)$











$f\in C_{c}^{\infty}(c(F)),$ $\gamma\in G(F)$ , orbital integral
$\Phi_{f}(\gamma)=\int_{G_{\gamma}\mathrm{t}^{F})}\backslash G\langle F)f(g-1\gamma g)\frac{dg}{dt}$
. $\phi\in C_{c}^{\infty}(G(E)),$ $\delta\in G(E)$ twisted orbital integral
$\Phi_{\phi,\sigma}(\delta)=\int_{G_{\delta,\sigma}\langle F})\backslash G(E)\emptyset(g-1\delta\sigma g)\frac{dg}{dt}$
.
Fundamental lemma. $\phi\in \mathcal{H}_{E},$ $f=b_{E/F}(\phi)$ , $\gamma\in G(F)$ semi-simple regular
.
(2.1) $\Phi_{f}(\gamma)=\{$
$\Phi_{\phi,\sigma}(\delta)$ if $\gamma=N\delta,$ $\delta\in c(E)$
$0$ if $\gamma$ is not anorm.
, $n=2$ , , [H] , Langlands
Tits building . Kottwitz([Kol], [Ko2]) Tits building ,
$n=3$ , $\phi$ . , Arthur Clozel
trace formula – $\mathcal{H}_{E}$ . [C], [Labl] .
Transfer of orbital integral 8 associated functions
Fundamental lemma , $C_{c}^{\infty}(G(F)),$ $C_{c}^{\infty}(G(E))$ $\prime H_{F},$ $\mathcal{H}_{E}$ orbital in-
tegral, twisted orbital integral , trace formula
. ..
Proposition.
(1) $\phi\in C_{c}^{\infty}(G(E))$ , (2.1) $f\in C_{c}^{\infty}(G(F))$ .




$f,$ $\phi$ associated . Shalika germ . split
case convolution . .
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, base change . $E,$ $F$
nonarchimedean . $\pi\in A(n, F)$ , $\theta_{\pi}$
$\mathrm{t}\mathrm{r}\pi(f)=\int_{G(F)}f(g)\theta\pi(g)dg$, $f\in C_{c}\infty(G(F))$
. $\theta_{\pi}$ locally integrable , semisimple regular
locally constant . $\Gamma \mathrm{I}\in A(n, E)$ $V$ .
$\sigma$ , , $\Pi$
$\sigma_{\Pi\sim\Pi}$ , $\sigma_{\Pi(g)=(^{\sigma}g)}\Pi$
, intertwining operator $I_{\sigma}(^{\sigma_{\Pi I_{\sigma}=}}I_{\sigma}\mathrm{I}\mathrm{I})$ , , $I_{\sigma}^{l}=1$
. $I_{\sigma}$ 1 $l$ ,
– . generic , $\lambda:Varrow C$
$\lambda(\Pi(n)v)=\theta(n)\lambda(v)$ , $v\in V$
. $n$ Borel subgroup unipotent element ,
$n$ $(1, 2)$ , $(2, 3)$ , $\cdots,$ $(n-1, n)$ $x_{1},$ $x_{2},$ $\cdots,$ $x_{n-1}$
$\theta(n)=\psi(\mathrm{t}\mathrm{r}_{E/F}(x_{1}+x_{2}+\cdots x_{n-1}))$
. ? ${}^{t}I_{\sigma}\lambda=\lambda$ $I_{\sigma}$ – .
Langlands classification , tempered induction
. $\Pi$ twisted character $\Theta_{\mathrm{I}\mathrm{I},\sigma}$
$\mathrm{t}\mathrm{r}\Pi(\phi)I_{\sigma}=\int_{G(E)}\emptyset(g)\Theta \mathrm{I}\mathrm{I},\sigma(g)dg$
. $\Theta_{\pi,\sigma}$ locally integrable $N\delta$ semisiple regular locally
constant .
, (tempered) base change .
Definition. $\Pi\in A(n, E)$ $\pi\in A(n, F)$ base change
$\Leftrightarrow\ominus_{\Pi,\sigma}(g)=\theta_{\pi}(Ng)$ , $Ng$ regular semisimple.
Theorem. $\pi\in A(n, F),$ $\Pi\in A(n, E)$ tempered .
(1) $\pi$ – $G(E)$ base change .
(2) $\Pi$ $\sigma$ , $\Pi$ $\pi$ base change .
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, $\pi$ Levi subgroup $M$ essentially tempered $\pi_{M}$
$\pi=\mathrm{L}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{l}\mathrm{a}\mathrm{n}\mathrm{d}\mathrm{s}$ quotient of $ind_{M(F)N(F)}^{G}(F)(\pi M\otimes 1)$
$\pi$ base change
$=\mathrm{L}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{l}\mathrm{a}\mathrm{n}\mathrm{d}\mathrm{s}$ quotient of $ind_{M(E)N(}^{G}(E)(E)M1\Pi\otimes)$
( $\mathrm{I}\mathrm{I}_{M}$ $\pi_{M}$ base change) , –
. base change \S 1 base change –
.
(1) . , $\pi_{0}$ global
, global base change . Langlands
quotient $\pi_{0}$ discrete . $E/F$ ,
$k’/k$
$k_{v_{\text{ }}}\simeq E$ , $k_{v_{\text{ }}}\simeq F$, $\mathrm{G}\mathrm{a}1(k’/k)\simeq \mathrm{G}\mathrm{a}1(E/F)$
, $k$ totally imaginary . $v_{0}$ $k$ . $v_{1},$ $v_{2},$ $v_{3}$
$k$
$v_{1},$ $v_{2}$ , $k’$ , $v_{3}$ $k’$ .




$\pi_{v}$ unramified for finite $v\not\in S=\{v_{0}, v_{1}, v_{2}, v_{3}\}$
. $\pi_{0}$ discrete pseudo-
coefficient .
Simple trace formula $\in C_{c}^{\infty}(G(F)),$ $\phi_{w}\in C_{c}^{\infty}(G(E))$
. $f1$ $\pi_{v_{1}}$ coefficient , $w|v_{1}$ $E$ , $\phi_{w}=$ ,
$f_{v_{1}}=f1*\cdots*f1$ . $\phi_{v_{1}}=$ $(\phi_{w_{1}}$ , . . . , $\phi_{w_{l}})$ 1 associated . $v_{2}$..$\cdot$
$f_{v_{2}}=\phi_{w_{1}}*\cdots*\phi_{w\iota}$ , $w_{i}|v_{2}$
$\mathrm{S}\mathrm{u}\mathrm{p}\mathrm{p}(\emptyset 1)\cdots \mathrm{S}\mathrm{u}_{\mathrm{P}}\mathrm{p}(\phi_{w_{\mathrm{t}}})$ PGL elliptic regular .
simple trace formula . .
trace formula – , $f_{v},$ $\phi_{v}$ associated
. $\phi_{v}$ $\mathcal{H}_{E_{v}}$ , $S’$
$k’/k$ , $v\not\in S\cup S’$ $\phi_{v}\in \mathcal{H}_{k_{v}’},$ $f_{v}=b_{k_{v}^{\prime/}}k_{v}(\phi_{v})$
. ( , $f(zg)=\chi^{-1}(z)f(g)z\in Z_{1}$ $(\phi_{v}\text{ }\#^{arrow}\sim..)$
. )
$L_{cusp}^{2}(G(k)z1\backslash G(Ak), \chi)$ , $Z_{1}=N_{k’/k}(Ak’)$ ,
$L_{Cusp}^{2}(c(k’)Z(Ak’)\backslash G(A_{k}’), \chi\circ N_{k/}\prime k)$
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$r_{cusp}(f),$ $R_{cusp}(\emptyset)I_{\sigma}(f=\otimes f_{v}, \phi=\otimes\phi_{w})$
.
tr
$r_{Cusp}(f)= \sum_{\gamma}v(c_{\gamma}(k)z1\backslash c(\gamma))\Phi A_{k}f(\gamma)$ ,
$\mathrm{t}\mathrm{r}R_{Cusp}(\emptyset)I_{\sigma}=\sum_{\delta}v(c_{\delta},\sigma(k)z(Ak)\backslash G_{\delta},\sigma(Ak))\Phi\emptyset,\sigma(\delta)$.
$\gamma$ elliptic regular conjugate class $\delta$ $N\delta$ elliptic regular
twisted conjugacy class .




. $v\not\in S\cup S’$
$l \mathrm{t}\mathrm{r}\mathrm{I}\mathrm{I}(\phi)I_{\sigma}=\sum_{\pi}\mathrm{t}\mathrm{r}(f)$
. , $v\not\in S\cup S’$
$B_{E_{v}/F_{v}}(\pi 0,v)=BC_{E_{v}/Fv}(\pi v)$
$t_{\pi_{\mathrm{O}v}^{v}}^{f}=t_{\pi_{v}^{v}}^{f}$ $f_{v}=[k_{wv}’ : k]w|v$
cuspidal $\pi$ . $\Pi_{v}=BCk_{v}’/k_{v}(\pi_{0,v})v\in S\cup S$’ $\Pi$
. ( ) $k_{\mathrm{J}^{\backslash }}\underline{7]}\mathrm{B}\searrow \mathrm{o}\backslash \backslash$ .
, $GL_{n}$ , $\mathrm{J}\mathrm{a}\mathrm{c}\mathrm{q}\mathrm{u}\mathrm{e}\mathrm{t}- \mathrm{s}\mathrm{h}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{k}\mathrm{a}[\mathrm{J}- \mathrm{S}\mathrm{l}]$ ,
Theorem. $\pi,$ $\pi’$ $G(A_{k})$ cuspidal . $k$ S’(
$k’/k,$ $\pi,$ $\pi’$ )





, $\pi’\simeq\pi\otimes\chi$( $\chi$ $k’/k$ )
.
$\pi_{v_{3}}$ Steinberg representation ,
$l\mathrm{t}\mathrm{r}\pi(f)$ , $0$ . II
$\mathrm{t}\mathrm{r}\pi(f)=\mathrm{t}\mathrm{r}\Pi(\emptyset)$
.
$\mathrm{t}\mathrm{r}\mathrm{I}\mathrm{I}_{v_{0}}(\phi_{v0})I_{\sigma}=\mathrm{t}\mathrm{r}\pi v\text{ }(f_{v}\text{ })$
, Weyl’s integration formula
$\ominus_{\Pi_{v},\sigma}(\mathrm{o}\mathrm{o}\delta)=\theta\pi_{v}(N\delta)$
. $\pi_{v_{\text{ }} }$ base change .
$E/F$ . $G(A_{F}),$ $G(A_{E})$ $\pi=\otimes_{v}\pi_{v},$ $\Pi=$
$\otimes_{w}\Pi_{w}$
$(t_{\pi_{v}})^{fv}=t\mathrm{n}_{w}\forall’w|v$
, $\Gamma \mathrm{I}$ $\pi$ weak lifting , $w|v$ $\Pi_{w}$ $\pi_{v}$ base
change , $\pi$ strong lifting . weak lifting strong
lifting .
.
Theorem. $\Pi_{di_{SC}}(GF),$ $\Pi_{disc}(G_{E})$ , $G(A_{F}),$ $G(A_{E})$ $\mathrm{t}\mathrm{r}\mathrm{a}$.ce formula discrete
part ($G(A_{E})$ twisted trace formula )
.
(1) $\pi\in\Pi_{di_{SC}}(cF)$ $\pi$ base change $\mathrm{O}\in\Gamma \mathrm{r}_{di_{S}C}(cE)$ .
(2) $\sigma_{\Pi\sim\Pi\in \mathrm{n}di_{S}C()}c_{E}$ $\Pi$ $\pi\in\Pi_{di_{SC}}(cF)$ base change .
. , associated
$\phi_{v}\in C_{c}^{\infty}(c(Ev)),$ $f_{v}\in C_{C}^{\infty}(c(Fv))$ , $f_{v}=b_{E_{v}/Fv}(\phi_{v}),$ $\phi_{v}$. $\in$
$\mathcal{H}_{E_{v}}$ , $L(G(F)NE/FZ(A_{E})\backslash c(A_{F}))$ trace formula
$L(G(E)Z(AE)\backslash c(A_{E}))$ twisted trace formula , .
spectral side . .
, geometric side orbital integral $\langle$ , weighted orbital integral
, Levi component $M$ $G_{\gamma}(F_{v})\subset M(F_{v})$
$J_{M}( \gamma, f)=|D(\gamma)|^{1/2}\int_{G_{\gamma}(F)\backslash G}(F)f\sim(g^{-1}\gamma g)v_{M}(g)\frac{dg}{dt}$
(twisted case twist ). $G=M$ orbital
integral – , . $f_{v}$
invariant [A-C] , weighted orbital integral
Arthur trace formula invariant distribution $I_{M}(\gamma, f),$ $I_{M}^{\mathcal{E}}(\gamma, f)$
, . $GL(2)$ geometric
side trace formula $\langle$ , spectral side
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(spectral side Levi component distribution $I_{M}(\pi, f),$ $I_{M}^{\mathcal{E}}(\pi, f)$
) , Levi component ,
. .
[Lab2] , strongly associated , weighted
orbital integral – , weighted orbital integral
fundamental lemma , non-invarinat trace formula ,
. . fundamental lemma , [A-C] .
.
, , ,
. . . $\cdot$
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